We give geometric proofs of recent results of G. Beer [13] : the Young-Fenchel correspondence / -> /* is bicontinuous on the space of closed proper convex functions on a normed vector space X endowed with the epidistance topology and the polarity operation is continuous on the space of closed convex subsets of X with the bounded Hausdorff topology. Our methods are in the spirit of a famous result due to Walkup and Wets [31] about the isometric character of the polarity for closed convex cones. We also prove that the Hausdorff distance associated with the cosmic distance on the space of convex subsets of a normed vector space induces the bounded -Hausdorff topology. This shows a link between Beer's results and the continuity results of [2], There are two methods to define topologies on the space W(X) of nonempty convex subsets of a normed vector space X and on the set F0(X) of closed proper convex functions on X . In the first, functions are the primitive objects, and facts about convex sets are deduced as corollaries of results for convex functions, identifying a convex set with its indicator function [1-3, 10-14, 21, 24, ... ]. In the second approach, the basic objects are convex sets, especially convex cones, and convex functions are identified with their epigraphs [2, 4, 5, 14, 21, 24, ... ]. The first approach is in order when one defines a topology through a regularization process as in [1, 2,... ]. The second one is more natural when the topology is first defined on fé'(X). This is the case in a series of recent works starting with [27] : [4-9, 28] which has given a new interest to a topology introduced in [24, 25] on the space 'ë'(X) of nonempty convex subsets of a Banach space X called here the bounded Hausdorff topology or the epi-distance topology. Here we give a direct proof that the polarity mapping is a continuous correspondence for this topology, a result established by G. Beer [13, Theorem 3.6] by analytic methods. We deduce this property from a pioneering result due to D. W. Walkup and
There are two methods to define topologies on the space W(X) of nonempty convex subsets of a normed vector space X and on the set F0(X) of closed proper convex functions on X . In the first, functions are the primitive objects, and facts about convex sets are deduced as corollaries of results for convex functions, identifying a convex set with its indicator function [1-3, 10-14, 21, 24, ... ] . In the second approach, the basic objects are convex sets, especially convex cones, and convex functions are identified with their epigraphs [2, 4, 5, 14, 21, 24, ... ] . The first approach is in order when one defines a topology through a regularization process as in [1, 2,... ] . The second one is more natural when the topology is first defined on fé'(X). This is the case in a series of recent works starting with [27] : [4] [5] [6] [7] [8] [9] 28 ] which has given a new interest to a topology introduced in [24, 25] on the space 'ë'(X) of nonempty convex subsets of a Banach space X called here the bounded Hausdorff topology or the epi-distance topology. Here we give a direct proof that the polarity mapping is a continuous correspondence for this topology, a result established by G. Beer [13, Theorem 3.6 ] by analytic methods. We deduce this property from a pioneering result due to D. W. Walkup and R. J.-B. Wets [31] dealing with a similar property for convex cones. Thus our task is reduced to showing that taking the conical hull of a set and taking the intersection of a convex cone with a hyperplane not containing the origin are continuous operations. These results may be useful elsewhere; the corresponding facts using the Mosco convergence instead of the bounded Hausdorff topology have been studied in detail in [16, 17, 21, 22, 25] . Identifying a function with its epigraph and using a geometrical argument as in [17] we recover the result of G. Beer [13, Theorem 3.5] about the continuity of the Fenchel correspondence with respect to the epi-distance topology.
We prove a similar result for a topology introduced by R. T. Rockafellar and R. J.-B. Wets, the cosmic topology. This fact was shown to be valid in Hubert spaces by H. Attouch and R. J.-B. Wets [2] . More importantly, we show that the cosmic topology coincides with the bounded Hausdorff topology. Since it is proved elsewhere [28] that the latter topology coincides with the topology obtained by regularization, this reinforces the interest of the cosmic topology and of its relatives and shows in particular that the usual operations are continuous with respect to the cosmic topology, provided qualification conditions are satisfied (see [7, 8, 27] ).
Continuity of the conical hull operator
Given a normed vector space (n.v.s.) X with dual space X* we denote by B (resp. B* ) the closed unit ball of X (resp. X* ). The Hausdorff excess of a subset C of X over a subset D of X is given by so that one gets that the restriction of this topology to the set %(X) of nonempty closed convex subsets of X is metrizable with associated metric given by
Considering the set F0(X) of closed proper convex functions on X as a subset of W0(X x R) by identifying a function with its epigraph, we get a topology on F0(X) known as the bounded Hausdorff topology [27, 28] or the epi-distance topology [4] or the topology of bounded hemi-convergence. The following result is quite easy. In finite dimensions it coincides with [17, Proposition 3.2].
1.1. Proposition. Let H be a closed hyperplane of X not containing zero. Then the mapping Q -> Q n H is continuous from the set SH(X) of convex cones of X whose intersections with H are nonempty into W(X).
Since the bounded Hausdorff topology is unchanged when one replaces the norm by an equivalent norm, the preceding proposition is a direct consequence of the following more precise result (identifying X with I"xR, where X0 is the hyperplane parallel to H and containing 0). Here we endow a product with the supremum norm.
1.2. Proposition. Let P, Q be convex cones of X x R whose intersections with Xx = X x {1} are nonempty and let C, D be the convex sets given by C x {1} = PnXx, Dx{l} = QnXx. Then, if r > 1 and dr(P, Q) < 1/2, one has dr(C,D)< 2(1+r)dr(P,Q).
Proof. Let us prove more generally that for any c > 1 one has dr(C, D) < c(l + r)dr(P, Q) provided dr(P, Q) < 1 -c~ , that will give the result for c = 2. Let S > dr(P, Q) with S < I -c~l . Since r > 1, for any x £ C n rB we have d((x, 1), Q) < Ô so that we can find (y, t) £ Q with ||y-x|| < ô, \t-1| < ô.
Then t > 1 -ô > c~l and \\t-ly-x\\<t-{\\y-x\\ + \rX-l\\\x\\ <cô(l+r).
As ô is arbitrarily close to dr(P, Q) we get the result. D
The continuity of the conical hull operator is less immediate. Proof, (a) Let C £ ^(X) and let e > 0, r £ R+ be given. Let us find ô > 0, q £ R+ such that for e (C, D) < ô we have er(R(C), R(D)) < e. Let us choose rQ > (7(0, C), x0 £ C with ||x0|| < r0 . We may suppose r > r0 > 1, e < 1.
Let us take q = 3e~[rr0 + r0, ó = r~ls. Since R(C) and R(D) are cones it suffices to show that for any (x, s) £ R(C) with ||(;c, s)|| = r we have d((x, s), R(D)) < e. Let us first suppose s > rq~ . Then s~ x £ C n qB so that we can find y £ D with \\s~1x -y\\ < ô. Thus (sy, s) £ R(D) and d((x, s), (sy, s)) < sa < rô < e . Now let us suppose 5 < rq~ . As q > 1 , max(||x||, \s\) = r, we have ||x|| = r. Let t := s(q -rQ)(r + sr0)~l, w := (1 -í)*o + iî"xeC since C is convex and t € [0, 1]. Moreover IMI < ||x0|| + t\\s~ x -x0\\ <r0 + t(s~ r + r0) = q so that we can find z £ D with ||«; -z\\ < S . Then r(q -r0)~ (z, I) £ R(D) and \r(q -r0)~l -s\ < r(q -r0)_1 + s < e/3 + rq~x < e, \V(Q -r0)~Xz-x\\ < r(q -r0)~[\\z -w\\ + r(q-r0)~\l -t)\\xQ\\ + \r(q-r0)-lts-l-l\\\x\\ < (l/3)e/-0_1(ri + r0) + r0s(r + r0sflr < (2/3)e + r0sr < (2/3)e + rQrq~[ < e. Proof. Since for any cones P, Q of X x R one has dr(P, Q) = dr(cl P, cl Q), it suffices to prove that C -► clR(C) is a bijection. For any C £ W0(X) one has C x {1} = (clR(C))nX x {1} since when (x, 1) = limtn(xn, 1) with tn in R+, xn in C, we have lim tn = 1, x = lim xn £ C. Moreover for each Q £ a"0(X x R) we have e = cl(R+(Cx{l})),
where C x {1} = QnX x {1} . This follows from the fact that for any z £ Q one has z = lim(z + n~lzQ) with z0eCx{l} arbitrary and z + n~lz0 £ R(C) for each n £ N\{0}. G
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Continuity of polarity
Our starting point is the isometric character of the polarity for closed convex cones established by D. W. Walkup and R. J.-B. Wets [31] in the reflexive case. We give a new proof due to M. Voile [30] of this result without the reflexivity condition; it includes an isometric property for the excess er. It relies on the following lemma which extends [20] and [15, Theorem 11.18 ] to the case of unbounded sets and [2, Lemma 3.13] to the nonreflexive case. Here we suppose X and Y are normed vector spaces (n.v.s.) in metric duality [18] ; this means that the coupling functional (','):Ix y -» R is such that, denoting by B (resp. B' ) the unit ball of X (resp. Y ) \\x\\ = sup{(x, y): y £ B'} Vx £ X, ||y|| = sxxp{(x,y):x£B) Vy £ Y.
Thus Y can be identified with a subspace of X*. For /: X -► Ru {-oo, +00} we set f*(y) = sup{(x, y) -f(x): x £ X). Let us recall that the support function of a subset C of X is the function hc :-h(C, •) = (y/c)*, where y/ç is the indicator function of C given by y/c\C = 0, t//c\X\C = +00; thus hc(y) = sup{(x,y): x £ C]. We use the extension to R = RU {-00, +00} of the addition of R obtained by setting r + s = +00 as soon as r or s = +00, r + s = -00 for r = -00 and s / +00 ; we set r+s = -((-/") -i-(-s)), r-s = -((-r) + s). The infimal convolution (or epi-sum) of the extended real-valued functions f, g on X is given by (fDg)(x) = inf{f(x -w)+g(w) :w £X}. Let us suppose in the sequel that X is an arbitrary n.v.s. and that the mapping y -> (•, y) defines a bijection of Y onto the dual space X* of X. For C c X we set C° = {y £ Y : Vx 6 C(x, y) < 1} . Let us observe that when C is a cone we can replace 1 by 0 in this definition. [30, 31] . Given two nonempty convex cones P, Q of X one has for each r £ R+ er(P,Q) = er(Q°,P°), dr(P,Q) = dr(P°,Q°). In a book in preparation Rockafellar and Wets introduce the notion of cosmic distance on a finite-dimensional Euclidean space or rather on the projective space associated with it. It is extended in [2] to the case of an arbitrary n.v.s. Let us recall their construction, omitting certain subtleties, as we do not need to define distances between directions and as we do not wish to give a precise definition of the geodesic distance on the sphere. 3.1. Definition. Given a n.v.s. (X, \\ ||) the cosmic distance dc(x,y) between two points x, y of X is the Hausdorff distance between the intersections with the unit ball BXxR of X x R of the rays R(x) = R+({x} x {1}), R(y) = +({y} x {1}) generated by (x, 1) and (y, 1) in Ixl:
Proposition
where x -\\(x, l)||_1(x, 1) and y has a similar meaning. Here and in the sequel we endow X x R with the norm given by
We need a variant of relation (1.1) for convex sets C, D which involves dr(C, D) and not d3r(C, D); it appeared in [4, Proposition 1.4]. The proof we present here for the sake of completeness avoids the use of duality and its first part (the one we need) is particularly simple. In the sequel, for a subset C of X we set Cr = C n rBx . Using the fact that for two convex cones P, Q we have dr(P, Q) = rdx(P, Q)
we get that a sequence (An) of the set W(X) of nonempty convex subsets of X converges to A£W(X) for dc iff the sequence (R(An)) converges to R(A) for the family of quasi-distances (dr)r>0 . Now Proposition 1.3 and Corollary 1.4 imply that the mapping A -> R(A) is a homeomorphism of fé'(X) onto its image in W(X x R) when W(X) and W(X x R) are endowed with the topologies associated with (dr)r>0. Combining the previous observations we get the following result.
3.5. Theorem. The bounded Hausdorff topology on the set 'ê'(X) of nonempty convex subsets of X (i.e., the topology induced by the family (dr)r>0) coincides with the topology associated to the Hausdorff cosmic distance.
Identifying a function with its epigraph this result can be transferred to the space of convex functions on a n.v.s. On the other hand, using Theorems 2.3 and 3.5 we get immediately the following consequence proved in [2, Theorem 4.6] for Hubert spaces.
3.6. Corollary. For any n.v.s. X, the polarity is a continuous mapping from W(X) into W(X*) when W(X) and W(X*) are endowed with the cosmic distance.
Conversely, Theorem 3.5 shows that, in the Hubert case, the continuity results of [13] 
